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additive probability measure 5pc defined on all subsets of C so that the map C -*c is universally measurable (in a precise sense that will be explained below). This definition carries over to the "pure" Borel context a concept introduced by Zimmer [14] in the context of "measured" countable Borel equivalence relations, i.e. when an appropriately related to E fixed Borel measure pt on X is present.
For the second notion, let X' be a class of countable structures (in a fixed relational language) closed under isomorphism. We call X' amenable if we can assign to each structure v = <A,...> E X' a finitely additive probability measure A, defined on all subsets of A, which is invariant under isomorphisms and such that the map v A-4 / is universally measurable.
Some basic facts concerning the relationships between these notions of amenability are also proved in ?2. For example, if X' is a class of structures, E is a countable Borel equivalence relation and there is a Borel assignment C a-r /c which for each Eequivalence class C gives a structure acIc e X' with universe C, then X' amenable = E amenable.
In ?3 the key result of this paper, which asserts that the class Y of countable scattered linear orders is amenable, is proved. The proof of this result requires ZFC + CH, since a basic step in the proof is the result of Mokobodzki (see [3] ) asserting, under CH, the existence of universally measurable shift-invariant finitely additive probability measures defined on all subsets of Z.
(It is not known if Mokobodzki's result is provable in ZFC.)
According to the preceding comments this shows that a countable Borel equivalence relation each of whose equivalence classes is ordered, in a Borel way, by a scattered ordering must be amenable (under CH again). Finally, in ?4 it is shown that the Turing equivalence relation-T is not amenable, and with some additional work this is combined with the above to prove the above theorem. (Along the way one has to avoid the potential conflict of using a result proved in ZFC + CH to prove a result in ZF + DC + AD. This is done by standard metamathematical arguments concerning absolute consequences of CH.) Some final comments: 1) There is possibly some question on whether the notion of amenability of countable Borel equivalence relations and classes of structures used here is ultimately the right one, one inconvenience of the present definition being the need to invoke the CH to establish the existence of amenable equivalence relations and classes of structures. It should be pointed out, however, that the present notions work smoothly because of the nice closure properties of universally measurable functions, especially their closure under composition, while the use of CH poses no problem in applications of these notions to various problems, since CH can often be eliminated by metamathematical arguments.
2) Foreman and Wehrung [5] have been motivated by some of the ideas used in ?2 to prove the following result, solving a problem of Pincus, Solovay, and Luxemburg: ZF + Hahn-Banach = there exists a nonmeasurable set.
3) We have recently found out that the concept of an equivalence relation with an ordering attached to each equivalence class has come up independently in a very interesting way in work of Muhly, Saito and Solel in operator algebras [8] , [9] . In fact in [8] the authors establish that for a measured equivalence relation each of whose equivalence classes is ordered (in a Borel way) by a scattered ordering, the associated von Neumann algebra (see [4] ) is amenable. By known facts in operator algebras and ergodic theory this implies that the measured equivalence relation is amenable (in Zimmer's sense). This is the "measured" version of a "Borel theoretic" result (Theorem 4.1) that we prove in this paper. The set theoretic version implies immediately its "measured" counterpart (and CH can be avoided by standard metamathematical facts concerning absoluteness), so one has a different proof of the -1 Now let X be a Borel set in a Polish space. We will consider equivalence relations E on X which are Borel and countable, i.e. each equivalence class [X] E is countable. By a measure on X we mean always a a-finite Borel measure on X. Given an equivalence relation E as above and a measure p on E, we call p quasi-invariant (for E) if the E-saturation [A] E of each Borel set A C X of i-measure 0 has also /-measure 0. A triple <X, E, IL>, where p is quasi-invariant for X, is called a measured equivalence relation. In this measured context, there is a standard notion of amenability of <X, E, /t> due to Zimmer [14] . We will now define, motivated by an equivalent form of Zimmer's definition (see [2] ), a concept of amenability when no particular measure is present. DEFINITION 
Let X be a Borel set in a Polish space, E a countable Borel equivalence relation on X. We call E amenable if there is a map C -Oc, assigning to each E-equivalence class C = [X] E of E a mean Tc on C which is universally measurable, in the following sense: if F: X2 -+ R is bounded and Borel, then the function G: X -+ R given by G(x) = i[] (Fx) (where here and below Fx will denote the function y e [X] E H-* F(x, y)) is universally measurable. (Recall that a function h: X -* Y between Borel subsets of Polish spaces is universally measurable if it is i-measurable for every (probability) measure p on X.)
There is a simple relation between amenability of groups and equivalence relations that we explain now.
A Borel automorphism of a Borel set X in a Polish space is a Borel bijection of X with itself. An action of a group G on X by Borel automorphisms, or simply a Borel action, is a homomorphism of G into the group of Borel automorphisms of X. We denote by x 4 x * g the Borel automorphism corresponding to g E G. Thus (x * g) * h = x * (gh), x * 1 = x.
The following is a standard fact in the context of measured equivalence relations. Fact 2.3. Let X be a Borel set in a Polish space, G a countable group acting in a Borel way on X. Denote by EG the corresponding equivalence relation on X, i.e.
XEGY 'S ]g E G (y = x * g). i) (CH) If G is amenable, EG is amenable.
ii) If G acts freely, i.e. Vg # 1 Vx(x * g # x), and there exists a G-invariant probability measure p on X, i.e. /p(A) = [i(A * g) for all Borel A c X and g E G, then if EG is amenable, G is amenable.
Proof. i) As we will not use this part, we will be sketchy. By a result of Mokobodzki (see [3] and ?3) and using the Folner condition of amenable groups (see [13] ) it is easy to see that G admits a universally measurable G-invariant Note that this definition implies that Fs is universally measurable for all universally measurable S as well.
A basic fact that we will prove now is that an equivalence relation each of whose equivalence classes supports (in a Borel way) a structure in some amenable class is amenable. We first need to give one more definition. DEFINITION 
Let S = range(s). Then S is X', so universally measurable. In the notation of property (2) in 2.4 we have then G(x) = Fs(s(x), n ~-4 F(x, i(x)(n)))

Now Fs is universally measurable, s is Borel and f: X [-1, 1]' given by f (x)(n) = F(x, i(x)(n)) is Borel too, so as universally measurably functions are
closed under composition, G is universally measurable.
-
The referee has raised the question of the existence of a converse to 2.6. That is, if E is amenable can one assign in a Borel way to each equivalence class a structure in some amenable class?
Finally we state some simple closure properties of amenable equivalence relations. PROPOSITION Let us note that this is independent of x. Indeed, if y E L is another point, then can(x) = can(y) for all large enough n E N, so by the shift-invariance of ON we are done.
Let X be a Borel set in a Polish space, and E a countable Borel equivalence relation on X. (i) If E is amenable and A c X is Borel, then E [ A is amenable. (ii) If A c X is Borel and full, i.e. A rn [XIE # 0 for all x E X, then if E [ A is amenable, so is E. (iii) If Y is a Borel set in a Polish space, F is a countable Borel equivalence relation on Y and H: X -+ Y is Borel such that xEy '-H(x)FH(y), then if F is amenable, so is E. (iv) If F c E is a Borel subequivalence relation of E and E is amenable
We now verify properties (1) and (2) It is clear that if an orbit of a structure A, viewed as a substructure of A, is autoamenable, so is d. Thus from Theorem 3.1 it follows (from CH) that if a countable linear order has a scattered orbit then it is auto-amenable. Woodin has established a characterization of the auto-amenable orders which relates them closely to scatteredness. In fact it may be that Woodin's characterization reduces to this: L is auto-amenable iff some orbit of L is scattered, but this has not been verified yet.
Finally, we point out that although each rigid (i.e. having no nontrivial automorphisms) linear order is auto-amenable, the class of rigid linear orders is not amenable (we will prove this in ?4). It would be interesting to find a characterization of such L.
For the case where <d, <d> is allowed to have different order types (on a cone), Woodin has also pointed out <d, <d> can be actually rigid. In fact, given a countable Borel equivalence E extending the tail equivalence relation on 2W x > y : 3n3mVk(x(n + k) = y(m + k)) a Borel assignment C c <c can be constructed which gives for each E-equivalence class C a linear order <c of C which is rigid. This is done as follows. Consider the ordinal _)w2. For x E 2W define a linear order <x as follows: If x(n) = 0, replace by co every point in the nth copy of co in w0 2. If x(n) = 1, replace by co* every point in the nth copy of co in w0 2. View <x in some canonical way as having universe co. Clearly <x is scattered rigid, and x # y => -x > <My Given now an E-equivalence class C for which we can assume without loss of generality that it does not contain the constant sequences 0 and 1, define <c as follows: For x E 2W not constant, let x' be defined by x = 1n0x' and put x0 = n. Notice that in the lexicographical order <ex, {x': x E C} has the order type t7 of the rational. For x, y E C, put 
